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Discrete Dynamical Systems –Writing About Stability

In this note, we give some examples of how to write about the stability and the ûxed points of a DS.

See Lesson 8 for the relevant deûnitions for a second-order linear DS.

General tips:

● When you take the limit of an expression that involves free constants (e.g., c1, c2), take care to qualify your
statement in terms of the values of the free constants. Examples:

○ “An → 1 as n →∞ for all values of c1 and c2”
○ “∣An∣ → ∞ as n →∞ when c1 ≠ 0”

● A DS can be classiûed as stable, unstable, or neither. _is classiûcation does not depend on the values of the free
constants. Examples of incorrect statements:

○ “If c1 = 0, then the system is stable.”
○ “_e system is unstable as long as c2 ≠ 0.”

Example 1. Consider the second-order linear DS An+2 =
5
6An+1 −

1
6An + 1, n = 0, 1, 2, . . . . _e general solution is

An = c1 (
1
2
)

n
+ c2 (

1
3
)

n
+ 3

and the ûxed point of this DS is 3. Is the system stable or unstable? Is the ûxed point attacting or repelling? Brie�y
explain.

Solution.
lim
n→∞

An = lim
n→∞

[c1 (
1
2
)

n
+ c2 (

1
3
)

n
+ 3]

Since ( 1
2)

n
→ 0 and (

1
3)

n
→ 0 as n →∞, An → 3 as n →∞ for all values of c1 and c2. _erefore, lim

n→∞
An exists

for all initial conditions, which means the system is stable.

Furthermore, An → 3 as n →∞ for all values of c1 and c2 and 3 is the ûxed point of this DS. _erefore, the ûxed
point 3 is attracting.

Example 2. Consider the DS An+2 =
5
2An+1 − An + 2, n = 0, 1, 2, . . . . _e general solution is

An = c1 (
1
2
)

n
+ c22n +

4
5

and the ûxed point is −4. Is the system stable or unstable? Is the ûxed point attacting or repelling? Brie�y explain.

Solution.
lim
n→∞

An = lim
n→∞

[c1 (
1
2
)

n
+ c22n +

4
5
]

Since 2n →∞ as n →∞, ∣An∣ → ∞ as n →∞ when c2 ≠ 0. _erefore, there exists an initial condition for which
lim
n→∞

∣An∣ = ∞, which means the system is unstable.

Furthermore, since ∣An∣ → ∞ as n → ∞ when c2 ≠ 0, there exists an initial condition for which An does not

1



approach the ûxed point −4 as n →∞. _erefore, the ûxed point −4 is repelling.

Example 3. Consider the DS An+2 = −
1
2An+1 +

1
2An + 1, n = 0, 1, 2, . . . . _e general solution is

An = c1 (
1
2
)

n
+ c2(−1)n + 1

and the ûxed point is 1. Is the system stable or unstable? Is the ûxed point attacting or repelling? Brie�y explain.

Solution.
lim
n→∞

An = lim
n→∞

[c1 (
1
2
)

n
+ c2(−1)n + 1]

Since ( 1
2)

n
→ 0 and (−1)n oscillates between −1 and 1 as n →∞, An will oscillate between two values (−c2 + 1 and

c2 + 1) as n →∞ when c2 ≠ 0. _erefore, there exists an initial condition for which lim
n→∞

∣An∣ does not exist and
∣An∣ /→ ∞ as n →∞, which means the system is neither stable nor unstable.

Furthermore, since An oscillates between two values when c2 ≠ 0, there exists an initial condition for which An
does not approach the ûxed point 1 and ∣An∣ /→ ∞ as n →∞. _erefore, the ûxed point 1 is neither attracting nor
repelling.
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